Abstract. The period is a classical complex analytic invariant for a compact Riemann surface defined by integration of differential 1-forms. It has a strong relationship with the complex structure of the surface. In this chapter, we review another complex analytic invariant called the harmonic volume. It is a natural extension of the period defined using Chen's iterated integrals and captures more detailed information of the complex structure. It is also one of a few explicitly computable examples of complex analytic invariants. As an application, we give an algorithm in proving nontriviality for a class of homologically trivial algebraic cycles obtained from special compact Riemann surfaces. The moduli space of compact Riemann surfaces is the space of all biholomorphism classes of compact Riemann surfaces. The harmonic volume can be regarded as an analytic section of a local system on the moduli space. It enables a quantitative study of the local structure of the moduli space. We explain basic concepts related to the harmonic volume and its applications of the moduli space.
Introduction
Let Γ g be the mapping class group of an oriented closed surface Σ g of genus g ≥ 2. This is the group of all isotopy classes of orientation-preserving diffeomorphisms of Σ g . The moduli space M g = T g /Γ g of compact Riemann surfaces of genus g is the quotient space of the Teichmüller space T g by the natural action of the mapping class group Γ g . It is the space of all biholomorphism classes of compact Riemann surfaces of genus g. The global structure of M g is one of the most attractive subjects in mathematics. For its study, topological methods such as cohomology and homotopy theory are often used. This comes from the well-known fact that the natural properly discontinuous action of the mapping class group on the Teichmüller space T g which is contractible yields a rational cohomology equivalence between the moduli space M g and the classifying space of the mapping class group Γ g .
In contrast, for the analytic approach, the universal family π : C g → M g of compact Riemann surfaces of genus g plays an important role. The Abel-Jacobi map from a compact Riemann surface to its Jacobian variety has been studied by many people. Here we focus on the fact that the Abel-Jacobi map can be regarded as a natural section of a local system on C g . The pointed harmonic volume, the main theme of this chapter, is an extension of this framework. We review the pointed harmonic volume and its applications.
Let H be the set of real harmonic 1-forms on a compact Riemann surface with integral periods. The Hodge theorem gives an identification of H with the first integral cohomology group of Σ g . Let k ≥ 0 be an integer. The natural action of Γ g on H gives a Γ g -module structure on Hom Z (∧ 2k+1 H, R/Z), where ∧ 2k+1 is the (2k + 1)-th wedge product and the action on R/Z is trivial. This Γ g -module gives rise to a local system L k of free abelian groups on M g by a pullback along π on the universal family C g . We consider two natural sections of L k . The first is the well-known Abel-Jacobi map A : C g → L 0 . Let X be a compact Riemann surface of genus g ≥ 2 and x ∈ X a base point.
The Abel-Jacobi map A x : X → Hom(H, R/Z) is defined by
The second is the pointed harmonic volume
studied by Harris [17] and Pulte [28] . These two natural sections uniformly can be interpreted as an integration on the (2k + 1)-th chain in the Jacobian variety of X. See Section 3 for more details. We focus on the latter. We remark that a key object is the module Hom Z (∧ 3 H, R/Z). We define the pointed harmonic volume for a pointed compact Riemann surface (X, x). Let K denote the kernel of ( , ) : H ⊗ H → Z induced by the intersection pairing. For n i=1 a i ⊗ b i ∈ K and c ∈ H, the pointed harmonic volume is defined to be a homomorphism I (X,x) : K ⊗ H → R/Z given by
Here the integral γ a i b i is Chen's iterated integral, γ is a loop in X with base point x whose homology class is the Poincaré dual of c, and η is a unique smooth 1-form on X satisfying the two conditions dη + n i=1 a i ∧ b i = 0 and X η∧ * α = 0 for any closed 1-form α on X. Through a natural homomorphism K ⊗ H → ∧ 3 H, the pointed harmonic volume I (X,x) can be regarded as an element of Hom Z (∧ 3 H, R/Z). The pointed harmonic volume has been studied in the context of, for example, algebraic geometry, number theory, complex analysis, and topology. It is defined using Chen's [6] iterated integrals, which were originally used in the context of differential geometry on loop spaces. The pointed harmonic volume has the following three features. First, as an extension of the Abel-Jacobi map, the pointed harmonic volume captures the geometric information of pointed compact Riemann surfaces. Actually, it induces the mixed Hodge structure of the truncation on the fundamental group ring of a pointed compact Riemann surface. Using this, we obtain the so-called pointed Torelli theorem stating that the pointed harmonic volume determines the structure of the moduli space of pointed compact Riemann surfaces. Second, the pointed harmonic volume is explicitly computable for a number of special compact Riemann surfaces including the Fermat curves. In fact, there are not so many computable analytic invariants. The pointed harmonic volume enables a quantitative study of the local structure of M g and C g . For example, we explain the nontriviality of the Ceresa cycle, see Section 2.3, in the Jacobian varieties of compact Riemann surfaces. Third, we can also compute the first variation of the pointed harmonic volume. It is a twisted 1-form on C g representing the first extended Johnson homomorphism [24] on the mapping class group of a pointed oriented closed surface. In other words, the first variation represents the first Morita-Mumford class or tautological class e 1 ∈ H 2 (M g ; Z) [23, 25] . From the viewpoint of Hodge theory, Hain and Reed [15] obtained a similar result. Since Kawazumi [20] has reviewed the last of these, we make no mention of it here. See Kawazumi's chapter [20] for more details. We remark that few values of the first variation of the harmonic volume for a specific compact Rie-mann surface are known. For yet another method for the harmonic volume, we recommend the survey [14] by Hain. In the following, we overview the theory of the harmonic volume. More details will be given in subsequent sections. Harris [17] defined the harmonic volume for compact Riemann surfaces using Chen's [6] iterated integrals of 1-forms of length 2. See Section 2.1 for the iterated integrals and 2.2 for the harmonic volume. Prior to the harmonic volume, Harris [16] studied an explicit formula of triple products of holomorphic cusp forms for PSL(2, Z), in which a prototype of the harmonic volume appears. We define the harmonic volume. Let (H ⊗3 ) ′ be the kernel of the natural homomorphism p :
⊕3 induced by the intersection pairing on H. It is a subgroup of K ⊗ H. The harmonic volume I X for X is a restriction of the pointed harmonic volume I (X,x) :
It depends only on the complex structure of X, and not on the choice of a Hermitian metric and base point. The mapping class group Γ g acts naturally on H. This induces the diagonal action of Γ g on Hom Z ((H ⊗3 ) ′ , R/Z). Let Aut X denote the group of biholomorphisms of X. By construction, I X is Aut X-invariant. It can be regarded as a real analytic section of a local system on M g obtained by the Γ g -module Hom Z ((H ⊗3 ) ′ , R/Z). The harmonic volume 2I X for hyperelliptic curves is known to be trivial. Nevertheless, the zero locus of the harmonic volume for nonhyperelliptic curves is unknown. Moreover the harmonic volume I X can be interpreted as the volume of a 3-chain in the torus R 3 /Z 3 . From this viewpoint, Faucette [9] extended it to the higher-dimensional harmonic volume. See the end of Section 4.
In Section 2.3, we introduce some basic concepts about algebraic cycles on an algebraic variety, in particular, the Jacobian variety J(X) (or J) of X. Weil [36, pp. 331 ] asked whether homologically trivial algebraic cycles are algebraically nontrivial in J. That is, whether the Griffiths group is nontrivial, or roughly speaking, whether these algebraic cycles can be "continuously" (algebraically) deformed into the zero cycle. By the Abel-Jacobi map X → J, X is embedded in J. Its image of the k-th symmetric product of X is denoted by W k . The algebraic k-cycle W k − W − k in J is known to be homologous to zero. We denote by W − k the image of W k under multiplication by −1. The cycle
It is one of the main subjects of this chapter. If X is hyperelliptic or k = g − 1, then the k-th Ceresa cycle is trivial. Ceresa [3] proved that the k-th Ceresa cycle is algebraically nontrivial in J(X) for a generic compact Riemann surface X of genus g ≥ 3 for 1 ≤ k ≤ g − 2.
Section 3 establishes the relation between a higher Abel-Jacobi map and the harmonic volume. In preparation, we briefly sketch the Hodge structure of a Z-module of finite rank. As the harmonic volume is the volume of a 3-chain in R 3 /Z 3 , it is regarded as a point of an intermediate Jacobian of J. Griffiths [11] defined the k-th Abel-Jacobi map Φ k from the k-dimensional homologically trivial algebraic cycles on J to the intermediate Jacobian of J which is isomorphic to Hom Z (∧ 2k+1 H, R/Z) here. By integration on a 3-chain which bounds the first Ceresa cycle W 1 − W − 1 , the harmonic volume 2I X can be identified with its image by the first Abel-Jacobi map of Griffiths, i.e.,
This identification induces a sufficient condition for the nontriviality of the Ceresa cycle in J by computing some values of 2I X . In Section 4, we review the pointed Torelli theorem as an application of the pointed harmonic volume. Hain [13] defined a mixed Hodge structure on the truncation of the fundamental group ring of complex manifolds by means of Chen's iterated integrals of 1-forms. This is a different approach to that of Morgan [22] . The classical Torelli theorem says that a compact Riemann surface X is determined by its Jacobian variety J(X) regarded as a complex torus. Let π 1 (X, x) be the fundamental group of X with base point x. We define the augmentation ideal J x of the group ring Zπ 1 (X, x) by the kernel of the map
The k-th power of the augmentation ideal is denoted by J x , Z) determines the structure of C g . Hain [13] and Pulte [28] gave a proof using the pointed harmonic volume and an extension obtained by a natural short exact sequence of mixed Hodge structures
In the proof of this theorem, the classical Torelli theorem follows from the preservation of extensions of the mixed Hodge structures. We obtain the biholomorphism of compact Riemann surfaces. When we distinguish the base points, the pointed harmonic volume plays an important role. Section 4 is devoted to this theorem. In Section 5, we deal with an application of the harmonic volume, the nontriviality of the Ceresa cycle W k − W − k in the Jacobian variety J(X). The harmonic volume captures information about how X is embedded in J. From the nonvanishing of the first variation of the harmonic volume for special families of hyperelliptic curves, Harris [17] obtained a result similar to Ceresa's. The problem here is to give an explicitly compact Riemann surface satisfying the nontriviality condition. Harris [18] extended the harmonic volume with values in C/Z[ √ −1] and proved that the first Ceresa cycle for the Fermat quartic F 4 of genus 3 is algebraically nontrivial in J(F 4 ). Faucette [8] extended this and gave the proof that the second Ceresa cycle for an unramified double covering of F 4 is algebraically nontrivial. Bloch [1] further studied F 4 by means of L-functions. There are a few explicit nontrivial examples apart from this. In the following, we focus on nontriviality for the first Ceresa cycle. The author proves in [33] [34] nontriviality for the Fermat sextic F 6 of genus 10 using this method, but applying it directly to other Fermat curves is difficult. Let O denote the integer ring of the N -th cyclotomic field for a positive integer N ≥ 4. Otsubo [26] 
Preliminaries

Iterated integrals
To define the harmonic volume for a compact Riemann surface, we need to recall Chen's iterated integrals on a smooth manifold. They have been developed in various theories including the de Rham homotopy theory. We introduce iterated integrals of 1-forms and π 1 de Rham theorem which states that the cohomology of the loop space of the smooth manifold can be calculated by means of these integrals. For a treatment of a more general case, we refer to Chen [6] and Hain [13] .
Let M be a smooth manifold and Ω i (M ) the smooth i-forms on M .
where f j (t)dt is the pullback γ * ω j . The number n is called the length.
The iterated integral is independent of the choice of the parameterization of the path γ. We introduce fundamental properties of iterated integrals. Let P M be the set of piecewise smooth paths in M . For paths α, β ∈ P M such that α(1) = β(0), we denote their product by α · β ∈ P M as usual. It is easy to prove
Here, we set γ ω 1 ω 2 · · · ω n = 1 for n = 0.
Examples 2.3.
A permutation σ of {1, 2, . . . , r + s} is a shuffle of type (r, s) if
and
The following formula was derived by Ree [29] .
where σ runs over the shuffles of type (r, s).
Examples 2.5.
A function F : P M → R m is a homotopy functional if for every γ ∈ P M F (γ) depends only on the homotopy class of γ relative to its endpoints. For each x ∈ M , a homotopy functional F induces a function π 1 (M, x) → R. It is well-known that a function
may not be a homotopy functional. For iterated integrals of length 2, we need a correction term η ∈ Ω 1 (M ). 
For the group ring Zπ 1 (X, x), we define the augmentation ideal J x by the kernel of the map
It is clear that J x is generated by γ − 1 for any loop γ with base point x. Here 1 denotes the constant path at x. The k-th power of the augmentation ideal is denoted by
where α, β are loops with base point x. Moreover, Examples 2.3 imply
x . We generalize these expressions.
Lemma 2.7. Let α 1 , α 2 , . . . , α s denote loops with base point x. If I ∈ B r (M ) and r < s, then we have
The proof of this lemma is straightforward. Let
The set of piecewise smooth loops in M with base point x ∈ M is denoted by P x M . Let H 0 (B s (M ), x) be the set of homotopy functionals P x M → R. Integration induces a linear map 
Let B s (M ) denote the subset of elements of B s (M ) whose constant term vanishes. A similar result follows.
Corollary 2.9. We have an isomorphism
If we replace R with C, similar results are obtained. The pointed harmonic volume I (X,x) for a pointed compact Riemann surface (X, x) can be interpreted as an element of H 0 (B 2 (X), x).
Harmonic volume
We review the definition of the harmonic volume for a compact Riemann surface and its properties. It is a complex analytic invariant defined by Chen's iterated integrals of length 2. It also gives information about how the compact Riemann surface is embedded in its Jacobian variety. First, we define the pointed harmonic volume for a pointed compact Riemann surface. Let X be a compact Riemann surface or smooth projective curve over C of genus g ≥ 2. (See Farkas and Kra [7] for an introduction to Riemann surfaces.) The surface X is homeomorphic to an oriented closed surface Σ g of genus g. Its mapping class group, denoted by Γ g , is the group of isotopy classes of orientation-preserving diffeomorphisms of Σ g . The group Γ g acts naturally on the first integral homology group H 1 (X; Z) = H 1 (Σ g ; Z). Let H denote the first integral cohomology group H 1 (X; Z). By Poincaré duality, H is isomorphic to H 1 (X; Z) as Γ g -modules. The Hodge star operator * is locally given by * (
It depends only on the complex structure and not on the choice of a Hermitian metric. The real Hodge star operator * : Ω 1 (X) → Ω 1 (X) is given by restriction. Using the Hodge theorem, we identify H with the space of real harmonic 1-forms on X with Z-periods, i.e., H = {ω ∈ Ω 1 (X); dω = d * ω = 0, γ ω ∈ Z for any loop γ}. We introduce the following lemma for homotopy functionals. See Proposition 2.6.
Indeed, an exact sequence
Here the left vector space C means the constant functions. Put η = − * dh.
Let x ∈ X be a point. We define the pointed harmonic volume for (X, x) in the following way. Let K be the kernel of ( , ) : H ⊗ H → Z induced by the intersection pairing. For a given
for any closed 1-form α ∈ Ω 1 (X). The second condition determines η uniquely. We can choose η = − * dh with d * d h = n i=1 a i ∧ b i as in the above lemma. This η readily satisfies the above two conditions. For any pointed compact Riemann surface (X, x), the homotopy functional
We remark that this ϕ is an element of
for loops α, β ∈ P x X. From the assumption, α a i , β b i ∈ Z for each i. Using a natural projection R → R/Z, the map ϕ : Zπ 1 (X, x) → R/Z is a homomorphism. Furthermore, this gives the homomorphism
We define the notion of pointed harmonic volume [28] .
Here ϕ is defined in the way stated above and the homology class c is considered as a loop in X with base point x.
Remark 2.12. From Proposition 2.4, we have
Harris [17] gave the same definition of I (X,x) , and called the pointed harmonic volume by Pulte. The pointed harmonic volume I (X,x) is naturally regarded as an element of Hom Z (∧ 3 H, R/Z) and a section of the local system L 1 on C g defined in Section 1.
The harmonic volume is a restriction of the pointed harmonic volume I (X,x) . We denote by (H ⊗3 ) ′ the kernel of the natural homomorphism p :
We have a natural short exact sequence
The rank of the free Z-module (H ⊗3 ) ′ is (2g) 3 − 6g.
Definition 2.13 ([17]
). The harmonic volume I X for X is a linear form on (H ⊗3 ) ′ with values in R/Z defined by the restriction of I (X,x) to (H ⊗3 ) ′ , i.e.,
From Lemma 2.2, the harmonic volume I X is independent of the choice of base point x. Let S 3 be the third symmetric group. We explain a cyclic invariance of I X by the natural action of S 3 on (H ⊗3 ) ′ . Combining Stokes' theorem and Remark 2.12, we have
where p 0 , p 1 , . . . , p 2g+1 are some distinct points on C. It admits the hyperelliptic involution given by (z, w) → (z, −w). Let π be the 2-sheeted covering C → CP 1 , (z, w) → z, branched over 2g + 2 branch points {p i } i=0,1,··· ,2g+1 and P i ∈ C a ramification point such that π(P i ) = p i . It is known that {P i } i=0,1,...,2g+1 is just the set of all the Weierstrass points on any hyperelliptic curve C. We outline the computation of the harmonic volumes for hyperelliptic curves. See [31, 32] for details. For any hyperelliptic curve C, one has I C = 0 or 1/2 mod Z by the existence of the hyperelliptic involution. The computation was performed using a suitable choice of symplectic basis
We have two ways to compute the harmonic volumes for all the hyperelliptic curves. First the computation can be reduced to that of a single hyperelliptic curve. Second we use basic results from the cohomology group of the hyperelliptic mapping class group which is composed of the centralizer of the hyperelliptic involution in Γ g . Similarly the author [32] obtained the pointed harmonic volume I (C,Pj ) for the Weierstrass pointed hyperelliptic curves. However, the pointed harmonic volume for other pointed hyperelliptic curves has yet to be determined. We may consider the harmonic volume as an element of Hom
where ∧ 3 H denotes the third exterior product of H. We have a homomorphism of short exact sequences Proposition 2.14. We can take a homomorphism ν X ∈ Hom Z ((
The homomorphism ν X is also called the harmonic volume. Another description of ν X is as follows. For simplicity, we consider ω 1 ∧ ω 2 ∧ ω 3 ∈ (∧ 3 H) ′ , and fix a base point x ∈ X. The map A 1 : X → R 3 /Z 3 , a kind of Abel-Jacobi map, is defined by:
There exists a 3-chain c 3 in R 3 /Z 3 such that the image A 1 (X) = ∂c 3 modulo integral 2-chains. For each k = 1, 2, 3, we can take the coordinates
The volume of c 3 modulo Z is independent of the choice of c 3 and base point x. The following proposition is proved by a straightforward computation. Proposition 2.15. We have
The Chow group
The harmonic volume can be applied to the nontriviality of the Ceresa cycles in the Jacobian varieties of compact Riemann surfaces. From this complex analytic method, the harmonic volume can capture more detailed information of these cycles. The Ceresa cycle is an element of the Chow group that, to begin, we need to define. A general reference here is Fulton [10] .
Let V be a smooth projective variety over C. The group Z k (V ) is defined to be the free abelian group generated by the irreducible subvarieties W on V of dimension k. It is called the group of algebraic cycles of dimension k. We consider the algebraic equivalence on V . The algebraic cycle Z ∈ Z k (V ) is algebraically equivalent to zero if there exists a smooth curve C, a cycle T ∈ Z k (V × C), and two points x 1 , x 2 ∈ C such that Z = i * 1 (T ) − i * 2 (T ), where i j : V ֒→ V × C is i j (x) = (x, x j ) for j = 1, 2. For C = CP 1 , we call it rationally equivalent. Denote
and Z k (V ) rat in the similar way. We define the Chow group of dimension k by
rat which is the group of algebraically trivial cycles modulo rational equivalence. The cycle class map CH k (V ) → H 2k (V ; Z) is obtained by linearly extending the map to a subvariety i : W ֒→ V associated with its homology class i * [W ]. The kernel of this map is denoted by CH k (V ) hom . It is the group of homologically trivial cycles modulo rational equivalence. We have known inclusions
The problem is to determine whether a cycle homologous to zero in V is algebraically equivalent to zero. If the cycle homologous to zero is not, then we find the Griffiths group of V is nontrivial. Here the k-th Griffith group Griff k (V ) is defined by Griff k (V ) := CH k (V ) hom /CH k (V ) alg . In particular, we are interested in this group for varieties and cycles defined over Z. See [27] for example.
In this subsection and Sections 3 and 4, we use the notation H 1 = H 1 (X; Z) and H 1 = H 1 (X; Z). Let J(X) (or J) be the Jacobian variety of the compact Riemann surface X of genus g ≥ 3. We denote by H 1,0 the complex vector space of holomorphic 1-forms on X, and fix a base point x ∈ X. The AbelJacobi map X → J is defined by
where ∨ means the complex linear dual. We define an inclusion map by
. . , ω g as a basis of H 1,0 , then J is a g-dimensional complex torus obtained as the quotient of C g by an abelian group. Since g is positive, X can be embedded into J. We may identify H 1 with H 1 (J; Z) and ∧ k H 1 with H k (J; Z) for 1 ≤ k ≤ 2g. Let X k denote the k-fold product of X and let X k denote the k-th symmetric product. We have
where the left-hand side map is the natural projection, the right-hand an addition, and (A x ) k is the induced homomorphism. With an abuse of notation, we also denote the latter by A x ; its image is denoted by W k (x) := A x (X k ). For x, y ∈ X, the algebraic k-cycle W k (x) − W 
modulo algebraic equivalence does not depend on x and y. We omit the base points x, y, unless otherwise stated. If X is hyperelliptic, then
Indeed, we may choose a Weierstrass point x ∈ X as base point. The hyperelliptic curve X has the hyperelliptic involution ι which is a biholomorphism of X of order 2 and fixes all the Weierstrass points in X. Since the action of ι on H 1 is multiplication by −1, the multiplication by −1 on J(X) restricts to ι on X. Then we have
known to be trivial. Ceresa's theorem [3] implies that Griff k (J(X)) = 0 for a generic (nonhyperelliptic) curve X of genus g ≥ 3 for 1 ≤ k ≤ g − 2. In Section 5, we give explicit X's such that Griff k (J(X)) = 0.
Abel-Jacobi maps and harmonic volume
To show a relation between the harmonic volume ν X = 2I X and the image of the Abel-Jacobi map of Griffiths, we begin to recall the definition of the Hodge structure on a Z-module of finite rank and an intermediate Jacobian of V . We give a sufficient condition for the Ceresa cycle of CH 1 (J(X)) hom to be algebraically nontrivial.
A Hodge structure of weight-w on a Z-module H Z of finite rank is a direct sum decomposition
The Hodge filtration associated to this Hodge structure is given by
We immediately obtain H p,q = F p H C ∩ F q H C and the decreasing filtration
Conversely, a decreasing filtration F p of H C with the condition F p ∩ F q = 0 whenever p + q = k + 1 determines a weight-k Hodge structure by putting
If V is a compact Kähler manifold, the cohomology group H w (V ; Z) underlies a Hodge structure of weight-w. Here, H p,q is the space of cohomology classes whose harmonic representative is of type (p, q). For two Hodge structures A and B of weight w and v respectively, we have Hodge structures A ⊗ B and Hom(A, B) of weight w + v and v − w respectively:
Here A C = ⊕ p+q=w A p,q and B C = ⊕ p+q=v B p,q . If V is a compact Kähler manifold, the homology group H w (V ; Z) carries a natural Hodge structure of weight −k. Indeed, we recall the isomorphism H k (V ; C) ∼ = Hom C (H k (V ; C), C) and obtain the direct sum decomposition
where
If H Z has a Hodge structure of odd weight 2k + 1, we define a complex torus by
The real torus H R /H Z is denoted by J R H, where
an isomorphism of real Lie groups J R H → J(H).
A natural projection R → R/Z induces an isomorphism of real tori
Lemma 3.1. We have a natural isomorphism of real tori
We focus on the homology group H 2k+1 (V ; Z) with Hodge structure of weight −2k − 1. The k-th intermediate Jacobian of Griffiths is defined by
The J 0 (X) is the Jacobian variety J = J(X).
For an element Z ∈ CH k (V ) hom , we can take a topological (2k + 1)-chain W so that Z = ∂W . The integration H 2k+1 (V ; C) ∋ ω → W ω ∈ C induces the Abel-Jacobi map of Griffiths
where ω is a harmonic (2k + 1)-form on V with integral periods [28, Section 4] . We give a key lemma in proving nontriviality for the Ceresa cycles.
Proof. We have only to prove that the image of Φ k on CH k (V ) alg vanishes on
If an algebraic cycle Z is algebraically equivalent to zero in V , then there exists a topological (2k+1)-chain W such that ∂W = Z and W lies on S, where S is an algebraic (or complex analytic) subset of V of complex dimension k + 1. The chain W is unique up to (2k + 1)-cycles. We may assume that ω consists of the elements of
Suppose that V is the Jacobian variety J = J(X). Using the identification H 2k+1 (J; Z) = ∧ 2k+1 H 1 , we may consider the Abel-Jacobi map of Griffiths as the homomorphism
We consider k = 1 in this subsection. Let ν * denote the Abel-Jacobi image 
Similarly, we obtain a sufficient condition that W k − W − k is algebraically nontrivial in J. See Faucette [9] and Otsubo [26] .
Pointed Torelli Theorem
We explain the relationship between the pointed harmonic volume and the congruence group of an extension of mixed Hodge structures. The classical Torelli theorem states that a compact Riemann surface X is determined by its Jacobian variety J(X) regarded as a complex torus. We introduce an extension of this theorem for pointed compact Riemann surfaces. In order to state the theorem, we need to define a mixed Hodge structure on Z-module of finite rank using Chen's iterated integrals. The pointed harmonic volume plays an important role for the proof of the above theorem. It determines the moduli space of pointed compact Riemann surfaces. In the latter half of this section, we give the higher Abel-Jacobi image
). This suggests an algorithm in proving the nontriviality condition for the higher Ceresa cycles.
A mixed Hodge structure on a Z-module H Z of finite rank consists of two filtrations, an increasing weight filtration W p H Q and a decreasing Hodge filtration F p H C which induces a Q-Hodge structure of weight-k on each graded piece 
As an application of the pointed harmonic volume for (X, x), Pulte proved the following pointed Torelli theorem. . Suppose that X and Y are compact Riemann surfaces and that x ∈ X and y ∈ Y . With the possible exception of two points x in X, if there is a ring isomorphism
which preserves the mixed Hodge structure, then there is a biholomorphism ϕ : X → Y such that ϕ(x) = y. If X is hyperelliptic or if the harmonic volume is nonzero, then there are no exceptional points.
Pointed harmonic volumes determine the structure of pointed compact Riemann surfaces. In the proof of this theorem, the classical Torelli theorem follows from the equivalence of the exact sequence (4.2), which preserves the mixed Hodge structure, and therefore we obtain the biholomorphism X ∼ = Y . Pulte noted that the pointed Torelli theorem can fail for very special curves where the harmonic volume ν X is zero but the curve is nonhyperelliptic. The zero locus of the harmonic volume for nonhyperelliptic curves is unknown.
Let k be an integer such that 1
to the case k = 1, using the commutative diagram (2.4). We recall
where σ runs through the elements of the (2k+1)-th symmetric group S 2k+1 such that
Faucette [8] defined the higher-dimensional harmonic volume as follows. Suppose g ≥ 2k + 1 for a fixed natural number k. Let ω 1 , ω 2 , . . . , ω 2k+1 ∈ H 1 be real harmonic 1-forms on X with Z-periods. A homomorphism A k :
We define ω = ω 1 ∧ ω 2 ∧ . . . ∧ ω 2k+1 ∈ ∧ 2k+1 H 1 to be a good form on J if there exists a topological (2k + 1)-chain C 2k+1 in R 2k+1 /Z 2k+1 whose boundary is the image A k (X k ). The higher-dimensional harmonic volume I k X is defined to be the linear functional on the good forms with values in R/Z 
Nontrivial algebraic cycles in the Jacobian varieties
In Section 3, we give a sufficient condition for the k-th Ceresa cycle W k −W − k ∈ CH k (J) hom to be algebraically nontrivial. Harris [18] proved the nontriviality for the Fermat quartic F 4 . Bloch [1] further studied the Fermat quartic F 4 in the context of number theory. Using methods similar to Harris, the author [33, 34] proved the nontriviality for the Klein quartic K 4 and Fermat sextic F 6 . Otsubo [26] extended these results using number theory and obtained an algorithm in proving the nontriviality for the N -th Fermat curve F N for N ≥ 4. Using his method, we recently obtained the nontriviality for some cyclic quotients of F N [35] . We remark that all the above curves have a representation as a branched cyclic covering of CP 1 and certain values of the harmonic volume for this kind of curve are known to be computable. Nevertheless, all the values of the harmonic volume for a specific curve are unknown.
Fermat curves
We give some value of the higher Abel-Jacobi image Φ k (W k − W − k ) for the Fermat curve as an iterated integral form. In the former half of this subsection, we have compiled some basic facts on the Fermat curve.
For 
where the product ℓ 1 · ℓ 2 indicates that we traverse ℓ 1 first, then ℓ 2 . We consider a loop α i β j κ 0 as an element of the first homology group H 1 (F N ; Z) of F N , which is well-known to be a cyclic G-module [12, Appendix] .
It is well-known that 
We denote the 1-form N ω
Let Q(µ N ) be the N -th cyclotomic field, and O its integer ring. For a
* be the element such that σ(ξ) = ζ h , where ξ is a primitive N -th root of unity. Proposition 5.1 gives us the element
In a straightforward manner, we obtain the intersection pairing.
The harmonic volume naturally extends to
where σ runs through the embedding of K into C and + denotes the fixed part under complex conjugation acting on both {σ} and C at the same time. 
From the second assumption, the correction term η in the harmonic volume becomes zero. Then we have only to compute the iterated integral part. Using the first assumption and [34, Theorem 3.6], Otsubo [26] proved Theorem 5.4. Under Assumption 5.3, we obtain
where the sum is taken over h ∈ (Z/N Z) * such that (ha i , hb i ) ∈ I holo for i = 1, 2.
We take an element 1, 2, 3 ) satisfy Assumption 5.3 and (a 2i+2 , b 2i+2 ) = (−a 2i+3 , −b 2i+3 ) for 1 ≤ i ≤ k − 1. We let
, and
Theorem 5.4 and Proposition 4.4 give us
where the sum is as in Theorem 5.4.
A generalized hypergeometric function
For the numerical calculation, we recall the generalized hypergeometric function 3 F 2 . The higher Abel-Jacobi image in the previous subsection is presented by the special values of 3 F 2 . We introduce the condition to prove nontriviality for the Ceresa cycle
The gamma function is defined as Γ(τ ) = ∞ 0 e −t t τ −1 dt for τ > 0 and the Pochhammer symbol as (α, n) = Γ(α + n)/Γ(α) for any nonnegative integer n. For x ∈ {z ∈ C ; |z| < 1} and β 1 , β 2 ∈ {0, −1, −2, . . .}, the generalized hypergeometric function 3 F 2 is defined by
Its radius of convergence is 1. However, if Re(
Proposition 5.6. For i = 1, 2, we put the 1-forms 
Using Dixon's formula [30] 
Cyclic quotients of Fermat curves
As an extension of Otsubo's result, we give some value of the higher AbelJacobi image Φ k (W k − W k ) for a cyclic quotient of a Fermat curve.
For any prime number N such that N ≥ 5, we define a cyclic quotient of a Fermat curve C We have where the sum is taken over h ∈ (Z/N Z) * such that (ha i , hb i ) ∈ I holo for i = 1, 2, 3.
Proposition 5.11. for an integer h such that 0 < h < N and h + hm + hm 2 = N .
Similar to Theorem 5.8, we obtain the higher Abel-Jacobi image Φ k (W k − W k )(ϕ) and the sufficient condition that W k − W − k is not algebraically equivalent to zero in J(C 1,m N ). See [35] for details.
